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ABSTRACT

The assumption of gradient wind balance is customarily made so as to derive the theoretical upper-bound
intensity of a mature tropical cyclone. Emanuel’s theory of hurricane potential intensity (E-PI) makes use of
this assumption, whereas more recent studies by Bryan and Rotunno demonstrate that the effect of un-
balanced flow can result in maximum winds that are well in excess of E-PI (superintensity). The existence of
supergradient winds has been verified in a slab boundary layer model developed by Smith. Here, the authors
apply the slab boundary layer model within the framework of classical E-PI theory to investigate the sensi-
tivity of supergradient winds to the radius of maximum gradient wind (RMGW) and four nondimensional
model parameters. The authors find that the Rossby number, the drag coefficient, and the modified Rankine
decay parameter all have a considerable influence on the strength of the unbalanced flow. In contrast, the ratio
of surface exchange coefficients has little noticeable effect on superintensity. The inclusion of horizontal
momentum diffusion leads to a weaker superintensity, but the qualitative features of the model remain
similar. To further elucidate these findings, the authors use the boundary layer model to examine the modified
E-PI theory proposed by Emanuel and Rotunno. They assume a constant Richardson number for the outflow.
The boundary layer model driven by the modified E-PI solution depends on just three model parameters
rather than the four parameters used in the classical E-PI framework. Despite this apparent advantage, the
results obtained in the framework of the modified E-PI are less realistic than those computed with the classical

E-PI approach.

1. Introduction

Bryan and Rotunno (2009, hereafter BR09) recently
demonstrated that gradient wind imbalance can explain
a substantial increase of intensity in a numerically sim-
ulated axisymmetric tropical cyclone (TC). (Throughout
this paper, intensity is defined to be the maximum tan-
gential wind speed found in the boundary layer of the
TC.) Therefore, gradient wind imbalance probably ex-
plains a large portion of superintensity, defined as the
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excess of the wind speed over the potential intensity (PI)
predicted by the classical potential intensity theory of
Emanuel (1986, hereafter referred to as E-PI). Besides
gradient wind imbalance, the presence of nonzero con-
vective available potential energy (CAPE) can also
contribute to superintensity. While the current paper
focuses on the role of gradient wind imbalance, the in-
fluence of CAPE on superintensity has recently been
evaluated by the authors in an extended PI model
(Frisius and Schonemann 2012).

Superintensity has been found in a number of nu-
merical high-resolution simulations of TCs including
Persing and Montgomery (2003), Hausman et al. (2006),
BRO09, Frisius and Schonemann (2012), and Wang and
Xu (2010). BR09 also derived an analytical model that
includes gradient wind imbalance. While their analytical
model is in excellent agreement with their numerical
model, it cannot be used a priori for the prediction of
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supergradient winds. This is because the analytical model
depends upon parameters that have to be evaluated by
the numerical model itself [see Eq. (23) of BR09].

In this study, we devise a method to evaluate super-
intensity within the classical PI model of Emanuel (1986,
hereafter E86) this method includes the effect of su-
pergradient winds. For this purpose, we base our cal-
culations on the unbalanced slab boundary model of
Smith (2003), where all properties are assumed to be
vertically independent within the boundary layer. The
existence of supergradient winds in this model has al-
ready been demonstrated by Smith et al. (2008), who
prescribed the gradient wind as in the E-PI model. Here,
we apply the slab boundary layer model over a wide
range of relevant parameters so as to delineate the su-
pergradient wind regime. Additionally, the model pre-
dicts the overshoot of inflow beyond the radius of
maximum gradient wind (RMGW) and the mass flux
into the eyewall. The results are found to depend
strongly on the horizontal scale of the TC. Therefore,
the present model exhibits a scale dependence that is not
found in the classical PI model.

We are aware of the criticisms of slab boundary layer
models by Kepert (2010a,b). In those studies, it was
shown in a diagnostic height-resolving model that slab
boundary layer models overestimate the radial inflow
and, therefore, deliver too strong supergradient winds.
This is due to the inaccurate calculation of surface drag
as a function of the vertically averaged boundary layer
wind. On the other hand, a correction of the drag, by
simply reducing the surface drag coefficient, leads to an
early breakdown of the inflow outside the radius of
maximum gradient wind. Kepert demonstrates that the
latter tendency is a result of the false evaluation of radial
advection in the slab boundary layer model. Neverthe-
less, we think that the slab boundary layer offers at least
a qualitatively valid representation of the appearance
and organization of supergradient winds in a tropical
cyclone.

This study is structured as follows. Section 2 de-
scribes the equations of the classical E-PI model and
modifications that are made to include the effect of
gradient wind imbalance. Section 3 presents results
from the slab boundary model across a wide parameter
range and demonstrates the scale dependence of the
solutions. Section 4 summarizes the outcome of this
study and discusses some important implications of our
findings.

2. Model conception

In this section, we construct the unbalanced (i.e.,
not in gradient wind balance) slab boundary layer
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model by building upon the E-PI model for a steady
state tropical cyclone (Emanuel 1986) and the more re-
cently modified E-PI model by Emanuel and Rotunno
(2011).

a. Governing equations of the E-PI model

The E-PI theory is built upon the following founda-
tional equations (see Emanuel 1986, 1995).

o Definition of potential radius at the top of the boundary
layer"

f f
§R2=Mb=vbrb+§r%. (1)

e Budget equation for boundary layer entropy of the
inner region (R = R,,,)

ar,\ oy, C
_b Ab _ TH —
u”(aR) 9R Hb Vb(XS Xb)~ 2)

o Budget equation for boundary layer tangential wind

-1
1y or, . Cy
o Entropy at the sea surface
XSZX:_AsPs' (4)

o Boundary layer entropy of the outer region (R > R,,)

Xbo = _A()Ps’ (5)
where
Ps = Rde ln(ps/pa)’
so T,  R,T,-h,)
A = TS — Tt + X:ha
o" T, "R,T(1—h,)
and
X= (Ts - Tt)s'

Subscript notation is as follows: b indicates evaluation
at the top of the boundary layer, s indicates evaluation at
the sea surface, t indicates evaluation at the ambient tro-
popause, o denotes evaluation in the outer region, and

! The boundary layer top is defined here by the height where the
frictional stress vanishes for the first time.
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TABLE 1. E-PI model notation.

Notation Meaning

Radial wind

Tangential wind

Physical radius

Specific angular momentum
Horizontal wind speed
Pressure

Temperature

Specific entropy

Specific gas constant of dry air
Relative humidity

Surface drag coefficient
Surface transfer coefficient for enthalpy
Boundary layer depth

Coriolis parameter

e NS <
= N <gyes

~
FOQ

a indicates evaluation in the boundary layer of the far-field
environment. The asterisk denotes that the thermody-
namic variable is considered at water vapor saturation.
The potential radius of maximum gradient wind, R,,,, de-
fines the boundary between the inner and outer regions.
We note that the effect of dissipative heating is not in-
cluded in the budget equation (2) for boundary layer en-
tropy. Further notation is given in Table 1.

For comparison, Frisius and Schonemann (2012) out-
lined and solved similar equations to rederive E-PI to
examine the influence of nonzero CAPE. In doing so, they
set the Coriolis parameter to zero and assumed gradient
wind balance. Since the aim of the present work is to in-
clude gradient wind imbalance in the boundary layer,
neither of these assumptions is made herein. Further-
more, we assume neutrality to slantwise convection. Thus,
we disregard the effects of slantwise convective available
potential energy (SCAPE) as is done in the classical E-PI
theory. The model is constructed as follows.

The budget equations for the boundary layer, Egs. (2)
and (3), do not require gradient wind balance. These are
equivalent to the corresponding slab boundary layer
equations introduced by Smith (2003) for the case of
vanishing entrainment from the free atmosphere above.
The process of entrainment will be considered sepa-
rately in section 3g.

Inserting Eq. (3) into the entropy budget equation (2)
gives an equation that relates the radial entropy gradient
to the air-sea discontinuity:

o 0Xp _Ch
_ﬁvbﬁ—C—D XS_Xb)- (6)

The approximation

f

ur, =£(R2 )~ ERZ (7)
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is valid in the inner region since the physical radius is
much smaller than the potential radius (e.g., Emanuel
1997). Therefore, E86 simplified the entropy budget
equation by substituting the approximation (7) to elimi-
nate r,. We obtain

Rax, Cy

Eﬁ_C_D X Xb)- (8)
An important cornerstone of E-PI is the assumption that
SCAPE vanishes in the steady state vortex. As a result,
the boundary layer entropy and the saturation entropy
of the free atmosphere become identical so that we can
set xp = x* = x. Neglecting the pressure dependence of
surface entropy by setting A; = 0 leads to the differential
equation

Byl VORaP OR )
D

Then, the solution for the inner region becomes

R \2Cu/Cp
X=xi-C (R_> for R=R,, (10)
m
where C; denotes an integration constant, which will be
determined below. This solution is also valid in cases
where gradient wind imbalance arises in the simplified
slab boundary layer model.

To consider the pressure dependence (i.e., A; > 0),
the surface pressure must be determined. In E86 this has
been done by solving the gradient wind balance equa-
tion. It is not valid to do this for the unbalanced case.
However, if the balanced surface pressure field were to
be inserted into Eq. (4), the resulting PI would be un-
derestimated since the angular momentum surfaces are
displaced toward the center by supergradient winds and
the lower surface pressure there enhances the capacity
to absorb moisture from the sea surface. As we are
mainly interested in the qualitative description of su-
perintensity by gradient wind imbalance, in the present
study we will neglect the impact of the pressure de-
pendence of surface entropy from the outset. We note
that both the maximum unbalanced, and the gradient
tangential, wind become stronger when taking into ac-
count A; > 0. In turn, the pressure dependence of sur-
face entropy is expected to have a rather small and, for
the purpose of a qualitative study, negligible effect on
the difference between vmax and vy max (i-€., maximum
gradient wind). Therefore, we only describe the primary
effect of gradient wind imbalance in this study.

Boundary conditions are needed to obtain the in-
tegration constant C; in Eq. (10). In E86 the boundary
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layer entropy of the outer region has been prescribed
by assuming a constant relative humidity. The result of
making such an assumption is that the radial decrease
of x, would only be due to the pressure dependence of
surface entropy: however, we have already excluded
this effect by our choice to neglect this pressure de-
pendence. We prescribe the radial entropy profile in
analogy to the wind profile derived in E86 [cf. his Eq.

(48)] by

R\ *
X:CO(R_) for R>Rm’

m

(11)

where u is the exponent describing the radial decay of
entropy. In E-PI it is given by u = 4(1 — Ag)/Aq [cf. Eq.
(17) in Frisius and Schonemann (2012)]. We do not fix
the exact value here because the assumptions of con-
stant relative humidity and constant temperature in the
boundary layer of the outer region cannot be justified on
physical grounds. Instead, we leave w as an unspecified
parameter and note that it might be specified by nu-
merical simulations or further new theoretical consid-
erations. The continuity of entropy and the entropy
gradient at R = R,,, can be used to determine C; and C,,.
This leads us to the complete solution

% R\ 2C4/Cy
Na— A
ZCH/CD+/L R,
X=
2C,,IC ®
* H =D (ﬁ) , R>Rm’

Xa2C,IC, + u\R,

(12)

where y = x, = x*. Itis possible to determine the central
surface pressure from the hydrostatic equation since the
physical and potential radii are identical at the vortex
axis. Hence, the degree of gradient wind imbalance has
no effect on central pressure when the pressure de-
pendence of surface entropy is neglected. The model
explicitly excludes eye dynamics (Emanuel 1995). If we
were to consider eye dynamics, the entropy within the
eye would become larger than that of the sea surface and
gradient wind imbalance might contribute to an entropy
increase due to additional subsidence.

b. Inclusion of gradient wind imbalance

To determine the unbalanced tangential boundary
layer wind, further assumptions are made.

(i) The gradient wind imbalance vanishes everywhere
at a certain height z = z, above the boundary layer.
(ii) The integrated thermal wind balance equation is
satisfied at this height. Hence, any possible gradient
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wind imbalance that may occur above this level has
no net effect on the thermal wind balance. There-
fore, the impact of super- and subgradient winds
above z = z, must cancel each other. The gradient
wind imbalance below this level does not violate
the thermal wind balance equation in any case.

(iii) Baroclinic effects are neglected below z = z,.
Therefore, the radial pressure gradient force is
vertically constant for z < z,.

The numerical experiment by BR09 demonstrates
that assumption (i) is almost satisfied at a height of about
3km in the eyewall and everywhere in the free tropo-
sphere above the boundary layer in the ambient region
(see their Fig. 10). With assumption (ii), the possible
effect of gradient wind imbalance above z = z, is ne-
glected throughout the entire domain. Although sub- and
supergradient winds may occur owing to an oscillation
along an angular momentum surface (see Fig. 10 in
BR09), it is not clear if their effect is zero in the vertical
average. However, this issue is beyond the scope of this
study. With assumption (iii), the pressure gradient force
at z = z, becomes identical to that in the underlying
boundary layer in physical space. This consequence does
not apply in potential radius space however, so the so-
lution must be transformed into physical space.

We now introduce the integrated thermal wind bal-
ance equation (for a derivation, see E86) that will be
applied at the height of gradient wind balance (z = z,):

1 2 ox*
2T PR (13)
8

where the index g refers to evaluation at z = z, and X =
(T, — T,)s*. This equation relates the physical radius r,
to the radial entropy gradient. This is a good approxi-
mation when the outflow radius r, is large compared to
rq (for more details, see E86). The tangential wind v, at
height z, is provided by the definition of potential radius
R? = r; + 2u,r,/f, which yields

- (_R aX*>1/2 - f2R2<_R 6/\/*)_1/2

Y« T\ "29R 4 2 9R
f2R% 1
= L= 14
S (14)
where
12
_(_Rox*
”f( ETR) (15)

would be identical to the cyclostrophic wind if the
Coriolis force was absent. Note that the potential radius
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already includes planetary rotation. Therefore, v, is not
exactly the cyclostrophic wind if f# 0. The approxima-
tion v, ~ v, is acceptable near the radius of maximum
winds (RMW) for Rossby numbers typically found in
the inner core of a tropical cyclone (Willoughby 2011):
v, can be obtained by inserting solution (12) into Eq.
(15) as

R\ Ch/Co
Vg max (R_) . R= Rm

v, = " (16)
R —u/2
Ug’max (R—> N R>Rm,
m
where
c,/IC T,-T
v _ (CylCpln 1y tX*- (17)
gmax 2ACICH) + T, —T,7¢

For later application, it is necessary to transform the
solution into physical space. The transformation can be
accomplished using the thermal wind balance equation
(13). The result is

r A\ le-c,ic,)
(i> ., R=R_

T'm

= 18
FoN\ 24+ (18)
g
(57 ke,

m

R
Rm

where 7, = fR2,/(2vgmax) is approximately equal to the
radius of the gradient wind maximum and thus can be
identified with the RMGW in the following. Therefore,
with Eq. (18) we obtain the gradient wind profile in
physical space at and below z = z,

0\ VQC,IC,—1) fr
v — -, r=r
gmax \ 2 m

m
r\ P fr
vg,max a - 5’ m?>

where B = /(4 + w) is the so-called modified Rankine
decay parameter (Mallen et al. 2005). For typical TCs,
the potential intensity is approximately given by vg mayx
so long as fr,,, < Vg max- Far away from the vortex center,
however, the term fr becomes dominant. We can obtain
the outer radius r, by solving the above expression for
v, = 0

(19)
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r,=(2Ro)"" "Ry (20)

Here Ro = vy may/(f7,,) denotes the local Rossby num-
ber at the RMGW, that is, at r = r,,. For Ro ~ 1 the
vortex structure becomes very unrealistic since r,, and r,,,
are similar. Furthermore, approximation (7) becomes
invalid in this case. We conclude that Ro > 1 must be
fulfilled so as to properly apply the model. Beyond r,
the tangential wind approaches the profile —fr/2. To
maintain gradient wind balance, this anticyclonic solid
body rotation would have to be balanced by an un-
realistic surface pressure drop in the environment of
the storm. Therefore, calculation of v, is not reasonable
beyond r = r,,.

Assumption (iii) allows us to set the gradient wind
v, identical to that inside the boundary layer, that is,
Up ¢ = Vg The slab boundary layer model used here is
based on that of Smith (2003) without entrainment of
momentum by downwelling. The associated momentum
equations [cf. Egs. (13) and (14) of Smith (2003)] are
given by

2_ .2
ou v, — U C
b__"8 b _ _oN_SDp2 22
uy, P . f(vg vb) Hb(ub +vp) u, (21)
and
v v C
b _ b Dy 2 .2\
Uy = _(7+f)”b __Hb(ub tvp) Ty, (22)

Note that the boundary layer equation for tangential
momentum (22) is identical to Eq. (3) when potential
radius instead of physical radius is used as radial co-
ordinate.

The governing equations of this model show that the
maximum supergradient wind depends upon seven
parameters: Vg max, *m» Cu, Cp, B, Hp, and f. The
number of parameters can be reduced by introducing
nondimensional variables. With r=r,,7 and (u,v) =
Uy max (@, V), we get the following nondimensional bound-
ary layer equations:

N I RS,

_du Vg7V YTV a5 op-

i, 8;:— gf - gRO - Cpa; +v3)"%a,  (23)
and

- oY, v LN & 2 2in-
uba_;:—(7b+%)ub—CD(ub+vb) 5. (24

where C~D=CDrm/Hb. The formula for the non-
dimensional gradient wind becomes
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FC,IC, =) _ L

¥, = o (25)
FP— mr, r=1.

Now we have only four nondimensional parameters,
namely Ro, CD, B, and Cy/Cp. Since the RMGW in-
fluences both Ro and Cp, the boundary layer solutions
may be very sensitive to the RMGW. From these pa-
rameters, it is possible to define two length scales, either
of which may have importance to the solution: 1) H,/Cp
and 2) vgmax/f. Therefore, the PI based on the un-
balanced tangential wind depends upon the scale of the
TC. On the other hand, the gradient wind resulting from
E-PI theory is scale independent. This result arises from
Eq. (17) and has also been shown from the more accu-
rate analysis of E86.7

¢. Modified E-PI

Emanuel and Rotunno (2011) improved the E-PI
model by including a variable outflow temperature 7.
The original E-PI assumption of a constant 7, = 7, is at
odds with the fact that isentropes of the outflow do not
approach the same absolute temperature. This would
only be a reasonable assumption in the lower strato-
sphere. Instead of a constant 7, they assumed a critical
outflow Richardson number to derive the outflow tem-
perature. Besides being more realistic, this modification
has the advantage of making obsolete the ad hoc as-
sumption that relative humidity is constant in the bound-
ary layer of the outer region.

Apart from a nonconstant outflow temperature, the
modified E-PI model is based on the same relations used
in the classical E-PI theory. Furthermore, Emanuel and
Rotunno also neglected the pressure dependence of
surface entropy. In this context, solution (10) is valid in
the complete vortex that extends out to the outer radius
r, where the tangential wind vanishes. In a similar way,
we can incorporate the solution into the slab boundary
layer model. The profile of the angular momentum at
z = z, of the modified E-PI solution is given by [cf.
Eq. (36) of Emanuel and Rotunno (2011)]:

(Mg)2_CH/CD - X(rir,,)” (26)
M, 2= CylCp[l = (rlr, )]

where M,, is the angular momentum at the RMGW. A
derivation of this solution is given in the appendix. With
the modified solution the gradient wind at z = z,is given as

2 The scale independence becomes evident by combination of
Egs. (43) and (46) of E86.
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r ) (r/rm)z 1/(2—=C,ICp)
v =V —_—
8 EM 2= (Cy/C L = (17, )]
_% fr)

27)

where we made the approximation My ~ vg max?y,. The
distinction between inner and outer region is not nec-
essary since the solution holds throughout the entire
vortex. The maximum gradient wind v, max depends on
environmental parameters in a different way than the
classical E-PI. It is given by [cf. Eqs. (40) and (41) of
Emanuel and Rotunno (2011); for a derivation see the
appendix]:

v = {& (,7
g.,max CD 2 CD

e . )

N t

1 CH) mee, i, =1 Tg - Tt 112

In nondimensional terms the gradient wind for modified
E-PI can be written as

1@2~C,/Cp)
~2
! A L 9
Fl2—C,ic,(1-A) 2Ro

v =
g

At some radius 7 = 7, the tangential wind becomes zero.
With #Cy/Cp > 2 — Cy/Cp, the radius of vanishing
tangential wind is approximately given by

C.\ V@=CpiCy)712
) ] (30)

7 ~ [2Ro (2—0
o |: CH

Note that the nondimensional gradient wind of the
modified E-PI solution only depends upon Cp/Cp and
Ro. Therefore, when the slab boundary layer model is
coupled to the modified E-PI solution, there are only
three nondimensional parameters: the Rossby num-
ber Ro, the drag coefficient Cp, and the ratio of the
transfer coefficients Cy/Cp. Also, note that modified
E-PI still does not depend on the RMGW value [cf.
Eq. (28)].

d. Inclusion of horizontal diffusion

Horizontal momentum exchange by small-scale eddies
plays an important role in the inner core of a tropical
cyclone. Emanuel (1997) pointed out that this process
prevents the formation of a discontinuity in the eyewall
region. Rotunno and Bryan (2012) found that the in-
tensity declines and that the RMW increases with
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increasing horizontal diffusion. It is beyond the scope of
this study to directly account for the horizontal turbulent
mixing throughout the troposphere in the calculation
of the flow in the model. Possibly, horizontal mixing has
an effect on the unknown modified Rankine decay pa-
rameter 3, but the numerical calculations by Rotunno
and Bryan indicate that the tangential wind profile is
rather insensitive to horizontal mixing outside the RMW.

In the boundary layer model we can incorporate
horizontal turbulent exchange of momentum by adding
the terms

(31)
and

Lo (00, b
D =—2 “b_ b 32
v ;Zaf{vhr (af P (32)
to Egs. (23) and (24), respectively. The nondimensional
turbulent exchange coefficient v, is parameterized by

2l /oo, ©,\2 o\ it
Vh:7<_é—7b) +2<—P) L
ol \ or r ar 7

where / denotes the horizontal mixing length. This pa-
rameterization is in agreement with the approach by
Rotunno and Bryan (2012) and it introduces a new
nondimensional parameter, namely, the nondimensional
horizontal mixing length [ = I/r,,,.

(33)

e. Solution method

We solve the system equations (that exclude hori-
zontal diffusion) by integrating inward from 7 =r, to-
ward the center until the radial wind becomes zero. At
this radius, the inflow breaks down and the air moves
upward into the eyewall. Since the vertical velocity is
typically upward in this region, it is acceptable to neglect
the entrainment term of the original model. In the outer
region the vertical motion is characterized by areas of
both upward and downward motion, so entrainment
could have an appreciable effect. Since the wind in the
free troposphere of the outer region is balanced, vertical
momentum fluxes in this region act to push the tangential
boundary layer wind toward gradient wind balance. We
keep this in mind and compare the results with solutions
where such an effect is included in section 3g. We set
U, =0, =0 and u, = —0.02 at 7 =7,. The weak radial
inward flow is necessary to push the air toward the
center. Without this inflow, the low pressure gradient
force would not be strong enough to overcome the
restoring inertial force. When horizontal small-scale
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mixing is incorporated (see next paragraph), a boundary
condition at 7 =7 is not required since the boundary
layer solution evolves in a time-dependent model even
beyond 7 = 7. Note that at 7 = 1 the vorticity of gradient
wind drops to a lower value. This vorticity drop is the
main reason for the occurrence of supergradient winds
because the radial wind cannot adjust immediately to
the lower value. In turn, gradient wind balance cannot
be maintained here.

A more elaborate solution technique becomes nec-
essary when horizontal diffusion is included. In this case,
we cannot solve the time-independent equations by an
inward radial integration since the boundary conditions
for the Reynolds stresses at 7 =7, are unknown. There-
fore, we solve the full time-dependent equations until
a steady-state solution emerges. For this purpose, we
choose a model domain extending from 7 =0 to 7 =200
and divide it into 8000 grid points. Radial and tangential
wind grid points are staggered and the leapfrog scheme
is applied for time integration. The gradient wind is set
to zero beyond the radius 7, so as to obtain realistic
solutions.

3. Results

In this section, we present calculations made with the
slab boundary layer model. First, the model is forced by
the original E-PI solution. The forcing by the modified
E-PIsolution will be discussed later on in section 3h. The
standard parameters are 8 = 0.8, Ro = 120, Cx/Cp =1,
and Cp = 0.02. Reasonable dimensional values leading
to this parameter set are given by r,,, = 10km, f = 0.5 X
107%™ Uy max = 60ms ', H, = 1500m, and Cp, = 0.003.
Figure 1 displays the radial and tangential boundary
layer winds and the gradient wind as a function of
physical radius for the standard configuration. As can be
seen, the tangential wind is subgradient outside the
eyewall and becomes supergradient in the inner region.
At the boundary between the inner and outer regions,
gradient wind balance is almost exactly satisfied. Inside
this boundary, superintensity reaches values of about
18%. The results are qualitatively similar to those ob-
tained from numerical simulations with axisymmetric
cloud models by BR09 (see their Fig. 3) and Frisius and
Schonemann (2012). The radial inflow velocity attains
a nondimensional value of about 0.35 at the radius of
maximum gradient wind. This gives a reasonable inflow
angle of about 19° [cf. Fig. 17 in Frank (1977)] using the
formula a = arctan(—1i,/vp). At the radius of maximum
tangential wind the radial velocity vanishes and air rises
vertically into the eyewall.

For comparison, Fig. 2 displays radial profiles of
the tropical cyclone simulation reference experiment



JuLy 2013
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: Gradient wind
L Tangential boundary layer wind
1k b Radial boundary layer wind 4

Velocity

0.4 I 1 1 1 1
0 1 2 3 4 5 6

Radius

F1G. 1. Radial profiles of gradient wind (solid line), tangential
boundary layer wind (dashed line), and radial boundary layer wind
(dotted line) of the reference solution for the slab boundary layer
model: all values are nondimensional.

(REF) with the axisymmetric cloud hurricane model
(HURMOD). The numerical experiment is compre-
hensively described in Frisius and Schonemann (2012).
The figure shows the vertically averaged radial and
tangential winds in the boundary layer at # = 140 h of the
simulation. The figure also shows the gradient wind at
the height where the gradient wind imbalance approxi-
mately vanishes (z = 2.5km); here the gradient wind is
nearly maximized. For sake of comparison, a profile (v ~
r~%%7%) has been fitted to the gradient wind near the
outer edge of the eyewall. The relative difference be-
tween the RMGW and the RMW is larger in HURMOD
than in the slab boundary layer model. The boundary
layer tangential wind is slightly subgradient outside the
eyewall but becomes supergradient inside the RMGW;
in contrast to the slab boundary model it is slightly
subgradient at the RMGW. In HURMOD the break-
down of the radial inflow is smooth and the radius of
vanishing radial wind appears inward of the RMW. This
is in contrast to the slab boundary model in which the
breakdown is rather abrupt and takes place exactly at the
RMW. While the slab boundary layer model makes no
prediction of the flow inside the eye, HURMOD reveals
radial winds that nearly vanish. This may possibly be due
to the strongly sheared balanced tangential wind profile.
Strong wind shear results in an enhanced vorticity and
presumably also a higher inertial stability, which may act
like a wall to inhibit the inflow. The gradient wind out-
side the eyewall is roughly proportional to r %7,
Therefore, with respect to the axisymmetric HURMOD
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FIG. 2. Radial profiles taken from the HURMOD simulation of
a superintense tropical cyclone. Displayed are vertically averaged
tangential boundary layer wind (open circles), radial boundary
layer wind (open squares), gradient wind at z = 2.5km (gray filled
circles), and the analytical profile v(r) = 85ms~ ' X (#/11km) "7
(dark gray filled squares). The vertical average is taken from the
bottom to a height of 1125 m. The vertical lines enclose the eyewall
region where vertical velocity at z = 1062.5m is larger than
05ms™ "

simulation, 8 = 0.8 is more suitable than the value found
by E86 (B = 0.542). We note, however, that the decay
parameter found in HURMOD is higher than that found
in observational studies, which typically ranges between
0.5 and 0.7 for strong storms Mallen et al. (2005). At this
point, we can only hypothesize that the deviation from
observed B values may possibly be due to the absence of
any nonaxisymmetric flow features and the simplified
cloud microphysics in HURMOD.

In the following subsections we investigate the sensi-
tivity of the boundary layer model to 1) the RMGW, 2)
the Rossby number Ro, and 3) the modified Rankine
decay exponent 8. While we also examined the sensi-
tivity of the model to Cp/Cp, the influence of C/Cp on
supergradient winds was found to be small. At first
glance this may appear contradictory to the results from
more complex models. Bryan (2012) found a decrease of
superintensity with increasing C,/Cp (see his Fig. 11).
There are two possible reasons for this discrepancy.
First, we used a fixed decay exponent 8, which possibly
depends sensitively on C/Cp. Second, Bryan varied Cp
and kept Cy constant and, therefore, Cp, decreases with
Cyl/Cp. This is different from our procedure since we
leave Cp constant when we vary Cp/Cp. Indeed, we
will see that the results of Bryan (2012) are consistent
with ours since an increase of Cp, leads to larger super-
gradient winds in our model (see below).
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a. Sensitivity to RMGW

By varying Ro and Cp together, the dependence of
the boundary layer flow to RMGW can be examined.
We investigate the sensitivity to this dimensional pa-
rameter in addition to the nondimensional ones, since
the RMGW is a measure for the tropical cyclone’s size—
a property of considerable interest in ongoing research.
Figure 3 displays the results obtained from Egs. (23) and
(24) for unbalanced radial and tangential wind velocity
with r,,, = Skm, r,,, = 10km, r,,, = 50km, and r,,, = 200 km
normalized to maximum gradient wind in the reference
setup. For a vortex with r,,, = 5 km the radial inflow is very
weak with only small wind imbalance. For a storm with
a RMW this small, gradient wind balance is nearly satis-
fied in the outer region (7, >1) because momentum
advection and drag only attain small magnitudes. As
a further consequence of the weak inflow and the small
inertia, no notable supergradient winds arise and the in-
flow even breaks down outside the RMGW. Hence, we
do not obtain a realistic solution when r,,, = 5Skm. Fur-
thermore, in a 3D tropical cyclone model, Xu and Wang
(2010) found that a storm with a radius of maximum near-
surface winds of only 7.5km is considerably weaker
than storms with near-surface RMWs between 12.5 and
22.5km. They reasoned that too-small storms grown from
a small initial vortex do probably never form a strong TC.
We observe an increased radial inflow strength in the
outer region with increasing RMGW radius values. This
leads to significant subgradient boundary layer winds in
the outer region. Superintensity due to the supergradient
wind is strongest for r,,, = 50 km. Two competing effects
determine the degree of superintensity: 1) superintensity
is supported by the inertia of the radial inflow and 2) it is
weakened by the degree of subgradient wind imbalance
outside the RMGW. The latter effect dominates for large
RMGW values. For r,, = 50km and r,, = 200km, the
inflow angle attains unrealistically high values at the
RMGW (~45°) while for r,, = Skm the inflow breaks
down outside of the RMGW. For large RMGW values
the radial extent of the outer region is unnaturally small
compared to that of the inner core. This is a consequence
of the small Rossby number; cf. Eq. (20). These results
reveal a very large sensitivity with respect to the scale of
the tropical cyclone. This leads to the following question:
can a steady-state tropical cyclone only survive in a pa-
rameter range where the boundary layer flow character-
istics correspond to typically observed conditions (inflow
angle, degree of gradient wind imbalance)? From the
aforementioned results we can deduce the following:
a tropical cyclone cannot be as small as a waterspout
because the boundary layer inflow is much too weak. On
the other hand, unless there is considerable external
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FIG. 3. Radial profiles of tangential boundary layer wind (above
the zero axis) and radial boundary layer wind (below the zero
axis) for different RMGW values: r,,, = Skm (dashed lines), r,, =
10km (dotted lines), r,, = 50km (dash-dotted lines), and r,, =
200km (double-dashed lines). The solid line displays the gradient
wind for r,,, = 10 km and all values are nondimensional, normalized
to maximum gradient wind in the reference setup.

baroclinic forcing, such as occurs during extratropical
transition events [e.g., Hurricane Sandy (2012)], a tropi-
cal cyclone cannot be as large as a synoptic-scale cyclone
because the near-surface air suffers substantial frictional
losses along the extended inflow trajectory and, thus,
cannot spin up enough angular momentum. Therefore,
the range of observed TC scales seems to be related to
boundary layer dynamics. The relevant horizontal length
scales for the slab boundary layer are v /f = 1200 km and
H,/Cp = 500km. The latter length scale gives a consis-
tent explanation of why tropical cyclones arise and are
maintained on the meso-a scale (200-2000km; e.g.,
Cotton and Anthes 1989). The length scale v,/f does, on
the other hand, also play an important role for tropical
cyclone size. It prescribes its upper bound since for
a larger size the frictional dissipation, which is necessary
to move the air out of the outflow anticyclone, is larger
than the energy that can be supplied by a Carnot cycle
(Emanuel 1989). This argument cannot be compre-
hended in the present model, but we also have the limi-
tation r, < 2v,/f to obtain a realistic vortex [cf. Eq. (20)].
Which one of these two length scales is more dominant
for the size control will be investigated with HURMOD
in a future study.

b. Sensitivity to drag coefficient

Variations in the nondimensional drag coefficient Cp
may lead to a similar response as variations in the
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FI1G. 4. Radial profiles of tangential boundary layer wind (above
the zero axis) and radial boundary layer wind (below the zero axis)
for different drag coefficients values: Cp = 0.0015 (dashed lines),
Cp = 0.002 (dotted lines), Cp = 0.003 (dash-dotted lines), and
Cp = 0.006 (double-dashed lines). The entropy transfer coefficient
has been varied accordingly and the solid line displays the gradient
wind. All values are nondimensional as in Fig. 3.

RMGW because C p*r,. In the previous subsec-
tion, RMGW variations also lead to variations in Ro. In
this subsection, we keep Ro fixed. Figure 4 shows radial
profiles for the boundary layer flow for Cp = Cy =
0.0015, Cp = Cy = 0.002, Cp = Cy = 0.003, and Cp =
Cp = 0.006. This corresponds to a variation of the
nondimensional factor Cp since we are not varying
Cp/Cy here. The results show that larger values of Cp,
lead to larger inflow velocities and supergradient winds.
This is in accordance with the results shown in Fig. 3, in
which the RMGW variation has a similar effect. The
Rossby number also affects the outer radius 7,, as shown
in the previous subsection and Eq. (20). In contrast,
variations in Cp do not lead to changesin r,. Therefore,
the inflow region does not shrink relative to the RMGW
as C p 18 increased.

c. Sensitivity to Rossby number

Figure 5 shows profiles of boundary layer flow for local
Rossby number values of Ro = 40, Ro = 80, Ro = 120,
and Ro = 500. Assuming r,, = 10km and vgmax =
60ms ' these values correspond roughly to the geo-
graphical latitudes 90°, 30°, 20°, and 5°N, respectively.
As Ro increases, the winds become more strongly su-
pergradient inside the RMGW, while they become
more subgradient outside. This occurs because the in-
flow strength increases as Ro increases (Fig. 5). As a
consequence, the largest superintensity arises for the
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FIG. 5. Radial profiles of tangential boundary layer wind (above
the zero axis) and radial boundary layer wind (below the zero axis)
for different local Rossby numbers near the azimuthal wind max-
imum: Ro = 40 (dashed lines), Ro = 80 (dotted lines), Ro = 120
(dash-dotted lines), and Ro = 500 (double-dashed lines). The solid
line displays the gradient wind for Ro = 120 and all values are
nondimensional as in Fig. 3.

highest Rossby number (Ro = 500). In this case, the
inflow velocity becomes unrealistically large. To pro-
duce such a high Rossby number in the vicinity of the
RMGW for these parameters requires f to be quite
small. The corresponding latitude is about 5°N; TCs are
rarely observed at such low latitudes (e.g., Emanuel
2003).

d. Sensitivity to modified Rankine decay exponent 3

Figure 6 shows the sensitivity of the radial wind pro-
files to the modified Rankine decay exponent 3 for 8 =
0.65,8=0.7,8 = 0.8,and B = 0.9. The inflow is stronger
and the maximum intensity is higher for larger values of
B. This can be easily understood on the basis of Eq. (24),
which can be written as

(34)

where 7, is the nondimensional absolute boundary layer
vorticity. Since vorticity decreases with increasing 3, this
equation shows that the radial velocity increases with
B. For small B values < 0.8 (as predicted by E-PI theory)
superintensity vanishes. For such low B values, the in-
flow terminates outside the RMGW. For 8 = 0.542, the
inflow cannot evolve in the present boundary layer
model. This is the value predicted by the E-PI model
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FIG. 6. Radial profiles of tangential boundary layer wind (above
the zero axis) and radial boundary layer wind (below the zero axis)
for different values of the profile parameter: 8 = 0.65 (dashed
lines), B = 0.7 (dotted lines), B8 = 0.8 (dash-dotted lines), and B =
0.9 (double-dashed lines). The solid line displays the gradient wind
for B = 0.8 and all values are nondimensional as in Fig. 3.

(see E86) owing to the assumption of constant relative
humidity in the outer region’s boundary layer.

e. Combined view

In the previous subsection we only examined the
sensitivity with respect to one parameter at a time; the
others remain fixed. More information can be deduced by
varying two parameters together; the results are shown in
Fig. 7. The top panel of Fig. 7 shows the nondimensional
superintensity as a function of B and RMGW. Non-
dimensional superintensity is defined as the maximum of
tangential boundary layer wind minus the maximum
gradient wind in nondimensional terms. The maximum
superintensity occurs for 8 = 0.9 at an RMGW of about
15km. The RMGW at which superintensity maximizes
is larger when the B value is small. No superintensity
occurs for low B values and at smaller RMGW values.
This result indicates the existence of an optimal RMGW
for each value of B. The range of RMGW values for
which superintensities exceed 20% corresponds to the
typical range in observed tropical cyclones. The bottom
panel of Fig. 7 shows nondimensional superintensity as
a function of Rossby number and RMGW. Superinten-
sity increases with increasing Rossby number, and the
RMGW at maximum superintensity becomes larger
with decreasing Rossby number. If it is true that the
optimal RMGW is related to the RMGW value that
reveals the largest supergradient winds, this result
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suggests that storms should be smaller near the equator
and larger at high latitudes. Furthermore, the degree of
superintensity by gradient wind imbalance should de-
crease with latitude.

f- Sensitivity to horizontal diffusion of momentum

In this subsection, we present results from the slab
boundary model that includes the effects of turbulent
horizontal momentum diffusion. Figure 8 displays the
boundary layer wind components as a function of radius
for three different horizontal mixing lengths: / = 200 m,
[ = 500m, [ = 1000m, and / = 3000m. These mixing
lengths correspond to the nondimensional values
[=0.02, [= 0.05,[=0.1, and [ = 0.3, respectively. The
profiles outside the RMW are, except for the case [/ =
3000m, quite similar to the nondiffusive reference solu-
tion (cf. Fig. 1) albeit, with a slightly lower intensity. The
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FIG. 8. Radial profiles of tangential boundary layer wind (above
the zero axis) and radial boundary layer wind (below the zero axis)
of the slab boundary model including horizontal diffusion. Shown
are results for different values of horizontal mixing length: / = 200 m
(dashed lines), / = 500 m (dotted lines), / = 1000 m (dash-dotted
lines), and / = 3000 m (double-dashed lines). The solid line displays
the gradient wind.

similarity of the two solutions suggests that the choice of
the boundary condition at 7 = 7y in the nondiffusive model
is reasonable. Now that turbulent horizontal diffusion is
included in the boundary layer equations of motion, the
tangential wind profile can be calculated inside the RMW.
In the core, a small region with outward flow appears, but
farther inward the radial flow nearly vanishes and the
tangential wind is almost in gradient wind balance. Su-
perintensity increases as the mixing length decreases and
as the RMW shifts away from the RMGW. The inflow
strength also weakens as the mixing length becomes larger.
These results are in qualitative agreement with those of
Rotunno and Bryan (2012), who found a similar response
to horizontal diffusion in an axisymmetric cloud resolving
model (see their Figs. 1 and 7). For / = 3000 m the solution
considerably differs from the others. The maximum
tangential wind attains a very low value of about 0.7 but
outside the RMGW supergradient winds arise. The
inflow strength exhibits two maxima and extends to the
vortex axis. Such results were not obtained by Rotunno
and Bryan. However, they used a full model in which
horizontal diffusion also affects the thermodynamic
fields and, hence, the gradient wind. Here, we kept the
gradient wind as in the zero diffusion case and,
therefore, we cannot expect a realistic result for large
[ values. Figures 9a and 9b show the sensitivity to the
RMGW and B, respectively, for solutions with a mix-
ing length of / = 500m. The figures should be
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F1G. 9. (a) As in Fig. 3, but the solution includes horizontal dif-
fusion with / = 500 m, and (b) as in Fig. 6, but the solution includes
horizontal diffusion with / = 500 m.

compared to Figs. 3 and 6. The results with and
without diffusion are qualitatively similar, but we note
that the inflow outside the RMGW does not break-
down when horizontal diffusion is present. Instead, the
radial wind profiles for these cases exhibit several in-
flection points. Furthermore, when the RMGW and 3
values are both large in the presence of horizontal dif-
fusion, the inflow strength and superintensity are weaker
than in the nondiffusive cases. As expected, we can con-
clude that horizontal diffusion has a weakening effect on
the boundary layer wind intensity. Notwithstanding, the
conclusions from the nondiffusive model appear to re-
main valid except inflow breakdown outside the RMGW
becomes unlikely in the presence of significant radial
turbulent diffusion.
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g. Sensitivity to entrainment of momentum in the
outer region

So far, we have neither included vertical momentum
advection by the cyclone-scale flow nor vertical mixing
of momentum by shallow convection. However, these
processes may be important in the outer region. Fur-
thermore, downdrafts in spiral bands may affect the
boundary layer and, therefore, the intensity, as found
by Wang (2009). To simulate this vertical momentum
transfer, we include the parameterization by Smith
(2003). He calculates the vertical velocity w,, at the top
of the boundary layer by solving the continuity equation.
This gives

10
wy, = —Hb;g(rub).

(35)
This vertical velocity contributes to the vertical entrain-
ment by the large-scale flow. Moreover, shallow cumulus
convection can also contribute to a vertical exchange of
momentum. To consider this, Smith added a constant
downward velocity wg. from the shallow convection to wp,.
Thus, the net downward vertical velocity at the top of the
boundary layer becomes

1
w_ =§(wb —w, ) —w,. (36)

Of course the downward mass flux due to nonzero wg,
will be compensated by an upward mass flux of equal
strength that, however, does not contribute to the mo-
mentum budget. The terms

w_ w_
F ub and Fb ('Ub - 'Ug) (37)

b

are added to the rhs of Egs. (21) and (22) for r > r,,,
respectively. Inside the RMGW, this parameterization is
not applied since the vertical flux into the eyewall dom-
inates here. Effectively, these terms act as a relaxation
to the balanced state v, = v, and u, = 0 with the time
scale —Hp/w_. Figure 10 displays the maximum tangen-
tial wind and radial wind profiles for several wy. values.
We see that both the inflow velocity and the maximum
tangential wind decrease with increasing cumulus vertical
velocity we.. This implies that vertical momentum ex-
change inhibits superintensity. For wy. = 0 the result is
very similar to the solution without vertical momentum
exchange. This shows, in agreement with Smith (2003),
that entrainment by large-scale subsidence is negligible:
Smith recommends a value near to we. = 0.02ms ' In
this case superintensity is still significant and similar to
the case without entrainment. Figure 10 also shows the
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FIG. 10. Maximum of tangential boundary layer wind (above the
zero axis), and profiles of radial boundary layer wind (below
the zero axis), for different values of the vertical velocity of shallow
convection: wee = Oms ™' (cross, dashed lines), wy. = 0.02ms™!
(asterisk, dotted lines), wy. = 0.1 ms ™! (square, dash-dotted lines),
and wy. = 0.4ms™! (circle, double-dashed lines). The solid lines
display the gradient wind (above the zero axis) and the radial wind
deduced from E-PI theory (below the zero axis). All values are
nondimensional and for more clarity only the maximum of tan-
gential wind is displayed since the differences between the tan-
gential wind profiles for different w,. can hardly be seen.

profile of radial wind that results from E-PI theory. E-PI
theory assumes that v, = v, this allows u;, to be de-
termined by Eq. (34). The radial wind profile is different
to those of the unbalanced model. In the E-PI solution,
a jump occurs at 7=1 as a result of a discontinuous
vorticity increase. A similar but less drastic radial flow
deceleration can be seen in the unbalanced model. The
vorticity values decrease with decreasing wy. in the outer
region; all are below the corresponding vorticity of gra-
dient wind (not shown). The inflow tends to conserve
angular momentum; this reduces the vorticity and en-
hances the inflow strength. Entrainment counteracts this
tendency, thereby weakening the inflow.

h. Modified E-PI

Now we present the results of applying the boundary
layer model to the modified E-PI solution of Emanuel
and Rotunno (2011). The application does not depend
on the B parameter since the structure of the vortex
in the outer region is completely determined by the as-
sumption of a constant Richardson number in the out-
flow. Figure 11 displays radial profiles for the reference
parameters Ro = 120, Cy/Cp = 1, and CD =0.02. In
contrast to the profiles obtained from the classical E-PI
solution, the inflow is stronger and the supergradient
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FIG. 11. Asin Fig. 1, but now the gradient wind of the modified E-PI
solution drives the slab boundary layer model.

winds are greater in the modified E-PI solution. Fur-
thermore, the maximum of the gradient wind is smoother
than that of the classical E-PI solution. As a conse-
quence, the transition from small vorticity of the outer
region to larger vorticity of the inner core is also
smoother. We also calculated solutions for different
Cyl/Cp since this parameter is also important for the
gradient wind outside the RMGW. Variation of C/Cp
from 0.5 to 2.5 only leads to a slight change of maxi-
mum inflow velocity i, (from 0.64 to 0.71) and maxi-
mum tangential wind ¥, (from 1.42 to 1.47). More
dramatic is the impact on the RMW, which varies be-
tween 0.684 and 1.02. Nevertheless, neither this varia-
tion nor that of other parameters yields more realistic
inflow velocities. The large inflow velocity that is at-
tained seems to be related to extremely small values of
absolute gradient wind vorticity at large radii. Conse-
quently, the modified E-PI solution leads to a more
unrealistic result despite having the advantage that it
does not depend on the ad hoc parameter 8. However,
we are aware that the slab boundary layer model
overestimates the inflow velocity and tends to termi-
nate the inflow too early as noted by Kepert (2010a). A
more realistic outcome may appear with a less simpli-
fied boundary layer model. Figure 12 shows superin-
tensity as a function of RMGW and Rossby number
Ro. The distribution of superintensity is qualitatively
similar to that shown in the lower panel of Fig. 7.
However, superintensity values are more than twice as
large. The RMGW of the maximum superintensity at
a fixed Rossby number is also greater.
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FIG. 12. As in Fig. 7 (bottom), but now the gradient wind of the
modified E-PI solution drives the slab boundary layer model.

4. Conclusions

The present study has extended the classical E-PI
model by including gradient wind imbalance in the slab
boundary model. This was made possible by the fact that
the saturation entropy field in potential radius space
does not depend on the gradient wind balance as-
sumption, so long as the pressure dependence of sur-
face entropy is neglected. We further assumed that
gradient wind imbalance only occurs within the bound-
ary layer. These assumptions lead to a model that de-
pends upon four nondimensional parameters, namely,
Ro = vgmax/(frn), Cpri/Hp, B, and Cp/Cp. The model
solutions are most sensitive to Cpr,,/H, and B. The
drag parameter Cpr,,/H, gives rise to a significant
horizontal scale dependence of the solution. This is
a novel aspect in potential intensity theory since
classical E-PI theory does not depend on the RMGW
of the tropical cyclone. The length scale H,/Cp, falls in
the meso-a range of typical observed tropical cy-
clones. This result suggests that this length scale sets
the typical diameter of a tropical cyclone. Neverthe-
less, the scale v /f could also play an important role for
size control. The modified Rankine decay exponent 3
strongly influences the inflow strength in the boundary
layer, with larger values of 8 leading to more intense
supergradient winds. This is due to the inverse re-
lationship between radial wind and absolute vorticity
in the boundary layer. When turbulent horizontal
momentum diffusion is incorporated, superintensity
becomes slightly weaker and an inflow breakdown
outside the RMGW does not occur. The main conclusions
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from the nondiffusive model remain valid. Both the
supergradient winds and the inflow velocity decrease
when an entrainment effect is included in the boundary
layer outside the RMGW. In the modified E-PI model
of Emanuel and Rotunno (2011), the ad hoc parameter
B becomes obsolete since the assumption of a critical
outflow Richardson number enables us to extend the
solution of the boundary layer entropy equation over the
complete vortex. Including the unbalanced boundary
layer in this model leads to very large inflow velocities
and supergradient winds as a result of the low absolute
vorticity outside the RMGW. The rather unrealistic re-
sult is a consequence of the low vorticity in the outer
vortex. The numerical simulations by Emanuel and
Rotunno reveal that the outer vortex profile is not in
good agreement with that in their analytical vortex
model (see their Fig. 10). They also mention that their
wind model is invalid outside the radius at which the
vertical velocity changes sign.

We conclude that superintensity due to supergradient
winds can be described as an extension of the classical
E-PImodel. As a by-product we found a horizontal scale
dependence of potential intensity, which is not present
in E-PI based on a balanced slab boundary model. While
the limitations of slab boundary models were shown by
Kepert (2010a), we think that our results contribute to
a qualitative understanding of supergradient winds and
scale dependence of PI. Furthermore, older numerical
models of tropical cyclones were often unable to resolve
the boundary layer structure and may have been so coarse
that the boundary layer was represented only by a single
model level, which is equivalent to a slab boundary layer
model. For example, Rotunno and Emanuel (1987) pres-
ent results of an axisymmetric tropical cyclone model
with a vertical gridpoint distance of 1.25 km. It is obvious
that the boundary layer reduces to one level in such a
coarse-resolution model. Kepert (2010b) presented a hy-
brid slab-height-parameterized boundary layer model
that is more accurate. This could be coupled to the E-PI
model. However, the entropy budget equation in E-PI is
already based upon a slab boundary model so this ap-
proach would not be consistent. Inclusion of Kepert’s
improved approach to E-PI seems rather difficult. It may
not be practicable to build an analytical model for PI
with his boundary layer model. The conclusions drawn
from this study still have to be evaluated by a more
complex model. This remains a prospect for a future
study.
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APPENDIX

Derivation of the Modified E-PI Solution

In Emanuel and Rotunno (2011) it was assumed that the
outflow develops a stratification at a critical Richardson
number Ri.. Their analysis leads to the following ap-
proximate result

aT,
oM r=r

 Ri dM
r? ds*’

(A1)

where T, is the outflow temperature at the outflow radius
r = r,. Since the ouflow temperature is not a constant
anymore, the thermal wind balance equation has to be
written as follows:

as*
OR’

= T,) (A2)

2
_f2R3 (Tg N

0;“[\:| [

Using the potential radius definition R = (2M/f)"?, we
obtain

ds*
__2 _
Mg— rg(Tg To)—d g. (A3)

Finally, we have the solution (10) of the entropy budget
equation (9), which gives the saturation entropy as a func-
tion of angular momentum, namely

M c,/C,
*— ok
§ sa so Mm ’

wheres, = C/(T; — T,) and M,,, is the angular momentum
whose surface intersects the RMGW at z = z,. Inserting
this result into Egs. (A1) and (A3) leads to

(A4)

aT,
oM

C RicM<%>CH/CD

=D c?
2
Cyri s,\ M

(AS)

r=r,

and
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m

2 2
M:=ri(T,~T,s,

respectively. Equation (AS5) can be directly integrated,
which gives

C,/Cp
C,/C,, Ri
T, =T, + -0 R Mo
2-CylCy s,
X (M27CH/CD 2 Cy/Cy ) (A7)

where T, is the outflow temperature of the angular
momentum surface having the value M,,. Since 7, in
Eq. (A0) is the outflow temperature on the angular
momentum surface with M = M, we can eliminate the
temperatures 7, and 7, by substituting Eq. (A6) into
Eq. (A7), which yields

r 1 Ri, ,
M\~ CC 2-C,IC, 72 A8)
M . 1 Ri,
2—C,lC

In this equation we have replaced r, by 7 since here M, is
considered as a function of physical radius r, which at
Z = Zg is identical to r,(R). This result still contains an
unknown, namely the outflow radius 7, This radius is
a unique function of r,, when the requirement that r,, is
equal to the RMGW is fulfilled. To determine the wind
maximum, we make use of the approximation

(A9)

which should be valid at and near the RMGW. With this
approximation, the wind maximum appears at

C 1 172
H
Fnax = (C Ri ) r,. (A10)
Therefore, r,, is the RMGW only if
¢,
2= c. DRi r2, (Al1)

Substituting this result into Eq. (A8) leads to the desired
solution:

()
Mm

The maximum wind speed is still unknown and has to be
determined by an additional assumption. So far we have

27l 2rlr, )

o= C,/Cpll

o (A12)
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not fixed the integration constant s,,. It is reasonable to
assume that entropy attains the environmental value
at the radius r, where the tangential wind vanishes.
Therefore, by Eq. (A4) we find that

fr2 CylCp

ok 0

0=s7 =% 2v r ’
g.max' m

where the approximation M,, ~ v, max/», has been used.
On the other hand, evaluating Eq. (A12) for r, > r,
gives the approximate result:

(A13)

2-C,IC
2 H'"~D C
e —2°D (A14)
2Ug max’m CH
so that we obtain
1C,\ Y@CyCy—1)
5 = (EC_Z> s*. (A15)

By inserting the last relation in Eq. (A6) we get
VR(C,IC)-1 /M

s¥( =&

a Mm

Evaluation of this equation at r, = r,, and making the
approximation M,, =~ v, max?sm leads to the desired result

1c, c,/C,

My =r(T—T) " (2c

(A16)

1Cy

s = (1, = T (52

1[2(C,iC,)~1]
) sk, (A17)

which agrees with Eq. (28).
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